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Abstract
We discuss the impact of quadratic quantum fluctuations on the
Wilson loop extracted from classical string theory. We show that a
large class of models, which includes the near horizon limit of Dp
branes with 16 supersymmetries, admits a Lu¨scher type correction
to the classical potential. We confirm that the quantum determinant
associated with a BPS configuration of a single quark in the AdS5×S5
model is free from divergences. We find that for the Wilson loop
in that model, unlike the situation in flat space-time, the fermionic
determinant does not cancel the bosonic one. For string models that
correspond to gauge theories in the confining phase, we show that the
correction to the potential is of a Lu¨scher type and is attractive.
1 Work supported in part by the US-Israel Binational Science Foundation, by GIF - the
German-Israeli Foundation for Scientific Research, and by the Israel Science Foundation.
1 Introduction
The idea of describing the Wilson loop of QCD in terms of a string partition
function dates back to the early Eighties. In a landmark paper in this direc-
tion [1] it was found that the potential of quark anti-quark separated at a
distance L acquires a − c
L
correction term (c is a positive universal constant
independent of the coupling) due to quantum fluctuations of a Nambu–Goto
(NG) like action. This term is commonly called the Lu¨shcer term. An ex-
act expression of the partition function of the NG action was derived in the
large d limit [2], where d is the space-time dimension, and the 1-loop and 1/d
expansions were considered for strings and p-branes in various space-time
topologies [3, 4]. The large d result, when translated to the quark anti-quark
potential, takes the form E(L) ∼ L
α′
√
1− 2c
L2/α′
. Thus, by expanding it for
small 2c
L2/α′
, one finds the linear confinement potential as well as the Lu¨scher
term. It was further shown that in this approximation the semiclassical po-
tential associated with Polyakov’s action and NG action are identical [5].
It was later realized that in fact this expression is identical to the energy
of the tachyonic mode of the bosonic string in flat spacetime with Dirichlet
boundary conditions at ±L/2 [6].
Recently there has been a Renaissance of the idea of a stringy description
of the Wilson loop in the framework of Maldacena’s correspondence between
large N gauge theories and string theory [7]. Technically, the main differ-
ence between the ”old” calculations and the modern ones is the fact that the
spacetime background is no longer flat but rather an AdS5 × S5 or certain
generalizations of it. Conceptually, the modern gauge/string duality gave the
stringy description a more solid basis. The first ”modern” computation [8, 9]
was for the AdS5 × S5 metric which corresponds to the N = 4 supersym-
metric theory. To make contact with non-supersymmetric gauge dynamics
one makes use of Witten’s idea [10] of putting the Euclidean time direction
on a circle with anti-periodic boundary conditions. This recipe was utilized
to determine the behaviour of the potential for the N = 4 theory at finite
temperature [11, 12] as well as 3d pure YM theory [13] which is the limit of
the former at infinite temperature. Later, a similar procedure was invoked to
compute Wilson loops of 4d YM theory, ‘t Hooft loops [13, 14] and the quark
anti-quark potential in MQCD and in Polyakov’s type 0 model [15, 16, 17].
A unified scheme for all these models and variety of others was analyzed in
[17]. A theorem that determines the leading and next to leading behaviour
of the classical potential associated with this unified setup was proven and
applied to several models. In particular a corollary of this theorem states the
sufficient conditions for the potential to have a confining nature.
1
The issue of the quantum fluctuations and the detection of a Lu¨scher
term was raised again in the modern framework in [18]. It was noticed there
that a more accurate evaluation of the classical result [17] did not have the
form of a Lu¨scher term. This is, of course, what one should have anticipated,
since after all the origin of the Lu¨scher term [1] is the quantum fluctuations
of the NG like string. The determinant associated with the bosonic quantum
fluctuations of the pure YM setup was addressed in [19]. It was shown there
that the system is approximately described by six operators that correspond
to massless bosons in flat spacetime and two additional massive modes. The
fermionic determinant was not computed in this paper. However, the au-
thors raised the possibility that the latter will be of the form of massless
fermions and hence there might be a violation of the concavity behaviour
of gauge potentials [20, 21]. One of the results of our work is that in fact
the fermionic operators are massive ones and thus the bosonic determinant
dominates and there is an attractive interaction after all. The impact of the
quantum fluctuations for the case of the AdS5 × S5 case was discussed in
[22, 23]. Using the GS action [24, 25, 26, 27] with a particular κ symmetry
fixing, it was observed that the corresponding quantum Wilson loop suffers
from UV logarithmic divergences. It was argued that by renormalizing the
mass of the quarks one can remove the divergence.
The computations of Wilson loops in 3d and 4d pure YM theory can be
confronted with the results found in lattice calculations. In particular, the
main question is whether the correction to the linear potential in the form of a
Lu¨scher term can be detected in lattice simulations. According to [28] there is
some numerical evidence for a Lu¨scher term associated with a bosonic string,
however the results are not precise enough to be convincing. Obviously, our
ultimate dream is compatibility with heavy meson phenomenology.
In this paper our main goal has been the quantum corrections of the quark
anti-quark potential in the class of non-supersymmetric confining theories.
On the route to this target we had to overcome several related obstacles. An
important technical problem is the issue of gauge fixing. Whereas for flat
space-time backgrounds there are several known fixing procedure which are
under full control, it turns out that for the non flat background the situation
is more subtle. Already in fixing the world sheet diffeomorphism we were
facing gauge choices that looked innocent but later were found to be prob-
lematic. The situation with the fixing of the κ–symmetry is even trickier.
We wrote the form of the bosonic action truncated to quadratic fluctuations
for the unifying scheme of [17]. As warm up exercises we considered the fluc-
tuations of a string in flat space-time and the fluctuations of a BPS quark of
the AdS5×S5 model. Whereas in the former case it is quite straightforward
to realize that the bosonic part yields the Lu¨scher term and the fermionic
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part exactly cancels it, in the later case the picture is more involved. Even-
tually, the basic expectation that there are no divergent corrections to the
energy was verified. However, this result emerged only in a particular class
of κ–symmetry fixing schemes. Without performing an explicit computation,
using a scaling argument we were able to write down the general L depen-
dence for a large class of models. It turns out that the set of models based
on Dp branes with 16 supersymmetries have a Lu¨shcer type behaviour. Note
that unlike the p = 3 case, for p 6= 3 there is no reason from dimensional
grounds for the potential to be of the form 1/L, and indeed the classical
result is not of this form.
As for the case of the Wilson loop of the AdS5 × S5 model we found
that there is only partial cancellation between the bosonic and fermionic
determinant. The net free energy is of a Lu¨scher form, but we were unable
to determine neither its coefficient nor even its sign.
In spite of the fact that there is no GS action which corresponds to the
non flat background associated with confining gauge theories, we argue that
there is a net attractive Lu¨scher type correction to the linear potential in the
pure YM case.
The outline of the paper is as follows. We start with a brief description
of the classical setup. For that purpose we use the Nambu Goto action
associated with a space-time metric which is diagonal and depends on only
one coordinate. The AdS5 × S5 is a special case of this configuration and
so are backgrounds that correspond to confining gauge dynamics. In section
3 we introduce quantum fluctuations to the string coordinates. We expand
the action to quadratic order in the fluctuations and write down the general
form of the operators whose (log) determinant determines the free energy
of the system. When translating to the gauge language the free energy has
the interpretation of the quantum correction of the classical quark anti-quark
potential. We discuss three possible gauge fixing schemes and argue that only
one of them, the ”normal coordinate fixing” is a ”safe” gauge. As a warm–up
exercise of computing and renormalizing the determinant, we derive in section
4 the Lu¨scher term in the flat space-time background. Section 5 is devoted to
an analysis of the dependence of the free energy on the separation distance
L based on a general scaling argument. An application of this result to the
case of Dp branes with 16 supersymmetries [29] shows that the quantum
correction for this configuration must also be of Lu¨scher type. We then use,
in section 6, the general expressions of the operators for the AdS5× S5 case.
We rederive these results in the framework of Polyakov’s action in section
7. The next task of incorporating the fermionic fluctuations is discussed in
section 8, again first in the simplest case of flat space-time. We then proceed
to the case of a single BPS quark in the AdS5 × S5 background. We discuss
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the fixing of the κ–symmetry and show that there are certain subtle issues
involved. Eventually, using a theorem about Laplace type operators, we
show In section 9 that the BPS free energy is free from divergences due to
cancellations between the bosons and fermions. The quantum fluctuations
of the Wilson loop in the AdS5 × S5 background or its generalization to
the cases of Dp with 16 supersymmetries are analyzed in section 10. We
argue that there is left over uncanceled Lu¨shcer term but we are unable to
determine neither its coefficient nor its sign. Sections 11–13 are devoted to
a similar analysis in the setup corresponding to a confining behaviour. In
section 11 We show that the general case of this type behaves in a similar
manner to the ”pure gauge configuration”, namely, that the Wilson line is
well approximated by a straight string parallel to the horizon and close to
it. For this type of backgrounds, in spite of the fact that we do not have
a detailed Green Schwarz action we were able to show that the residual
interaction is of an attractive nature. The Bosonic operators are considered
in section 12, while the fermionic ones are considered in section 13. We end
this paper with a summary of our results and a list of open questions.
2 The classical setup
Let us first, before introducing quantum fluctuations, summarize the results
derived from classical string theory. Having in mind space-time backgrounds
associated with the gravity/gauge dualities and MQCD, we restrict ourselves
to diagonal background metrics with components that depend only on one
coordinate. The metric Gµν for the coordinates {t, x, yi, u, ζI} where i =
1, ..., p− 1 and I = p+ 2, ..., 9 is given by
Gµν = α
′ × diagonal{Gtt(u), Gxx(u), Gyiyi(u), Guu(u), GζIζI (u)} (1)
The classical (and, as we shall see, the one-loop) bosonic string has two
equivalent descriptions in terms of the Nambu–Goto action and the Polyakov
action. Throughout this work we incorporate quantum fluctuations mainly in
the former picture. Comparison with the analysis in the Polyakov formulation
is presented in section 7.
The Nambu–Goto action of a string propagating in space–time with a
general background metric takes the form
S =
1
2πα′
∫
dσdτ
√
det hαβ (2)
where
4
hαβ = ∂αX
µ∂βX
νGµν(X) (3)
The classical string configurations associated with Wilson loops are char-
acterized by boundary conditions which take the form of a loop on a boundary
plane. The plane is taken at some large but finite value u = us which later
is taken to infinity. The form of the loop considered in the present work is
that of a very long strip along a spatial direction (−L/2 < x < L/2) and a
temporal length T with L << T → ∞. In certain models we will take the
“temporal” direction to be along another spatial direction.
Since we assume invariance under time translation, we consider classical
static string solutions. These are spanned in the x, u plane by the function
u(x) and we set yi = 0, ζI = 0.
The NG action is invariant under world-sheet coordinate transformation.
It is convenient to use the static gauge in which we set the world-sheet time
to be identical to that of the target space, τ = t. Various different fixings
of σ will be discussed in the next section when quantum fluctuations are
incorporated. For the classical configuration we take σ = 2πx. Defining the
two functions
f 2(u) ≡ Gtt(u)Gxx(u) (4)
g2(u) ≡ Gtt(u)Guu(u)
the action becomes
S = T
∫
L dx = T
∫
dx
√
f 2(u) + g2(u) (∂xu)2 (5)
Using the fact that the Lagrangian does not depend explicitly on x we
write the equation of motion in terms of the conserved generator of transla-
tions along x so that
∂xucl = ±f(ucl)
g(ucl)
·
√
f 2(ucl)− f 2(u0)
f(u0)
(6)
where u0 is the minimal value of u reached by the string.
The classical profile of the Wilson loop is a solution of (6) which satisfies
the boundary conditions stated above. Since, in the language of the corre-
sponding gauge model, the quark and anti-quark are set at the coordinates
x = ±L/2, the relation between L and u0 is given by
L = 2
∫ us
u0
g(u)
f(u)
f(u0)√
f 2(u)− f 2(u0)
du (7)
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and the action is given by
S = 2T
∫ us
u0
g(u)
f(u)
f 2(u)√
f 2(u)− f 2(u0)
du (8)
The basic conjecture of the string/gauge duality is that the “natural can-
didate” for the expectation value 〈W 〉 of the Wilson loop is proportional to
the partition function of the corresponding string action
〈W 〉 ∝ Z =
∫
DXµ exp (−S) (9)
where the integral is over all surfaces whose boundary is the given loop.
Moreover, 〈W 〉 is related to the quark anti-quark potential energy E(L) via
〈W 〉 → exp (−TE(L)) (10)
so that in fact (8) determines the potential in the classical limit in which
the configuration of least action dominates. However, it is easy to see that
the expression (8) is linearly divergent as us → ∞ and hence has to be
renormalized. The mass of the quarks which translate in the string language
into a straight line between u = 0 (or u = uh in case there is an horizon
at uh [12]), is given by mq =
∫ us
0
g(u)du. It is thus “physically natural” to
determine the quark anti-quark potential as E = S
T
− 2mq. For the special
case of the AdS5×S5 model this definition of the energy matches the Legendre
transform of the action suggested in [30].
By implementing this expression for various different background metrics,
Wilson loops corresponding to certain gauge systems were computed [17].
Moreover, a theorem was stated in [17] determining the dependence of E as
a function of L for the general setup of (5).
3 Quadratic fluctuations and gauge fixings in
the NG action
In order to account for the contributions to the Wilson loop from quantum
fluctuations we expand the coordinates around their classical values
xµ(σ, τ) = xµcl(σ, τ) + ξ
µ(σ, τ) (11)
that is,
{t = tcl + ξt ; x = xcl + ξx ; u = ucl + ξu ; yi = ξyi ; ζI = ξζI} (12)
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The next step is to expand the Nambu–Goto action up to terms quadratic
in the fluctuations so that S = Scl + S(2), and compute the following path
integral
Z(2) =
∫
DξtDξxDξu
∏
Dξyi
∏
DξζI exp
{−S(2)} (13)
where we write
S(2) =
∑
a
∫
dσdτ ξ†aOaξa (14)
with ξa the various fields.
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The Gaussian integration over the fluctuations yields ( after gauge fixing)
a product of determinants of second order differential operators
∏
a detOa
so that the corresponding free energy is given by
FB = − logZ(2) = −
∑
a
1
2
log detOa (15)
As was mentioned above, the NG action is invariant under world–sheet
reparameterizations, and in order to compute explicitly (13) one has to in-
troduce a gauge choice. In fact, without gauge fixing the operators are de-
generate due to the reparameterization invariance [27]. Obviously, the set of
operators Oa depends on the gauge. In the following subsections we write
down the form of the operators in three different gauges. We set in all the
three gauges τ = t so there are no fluctuations in the time direction. The
gauges differ in the way we fix σ and the choice of the fluctuating coordinates.
In the first gauge we fix the u coordinate and compute the fluctuations of x,
yi and ζI while in the second one x is fixed and u, yi and ζI fluctuate. In the
third gauge the fluctuations are taken to be along the normal coordinate to
ucl (in the ux plane) and along yi and ζI .
3.1 The fixed u gauge
Imposing the assignment σ = u (running from u0 to∞) one finds that to the
second order in the fluctuations ξx and ξyi, the expression h = det hαβ takes
the form
h(2) = g
2(u)
(
1 +
Gxx(u)
Gtt(u)
(∂tξx)
2 +
∑
i
Gyiyi(u)
Gtt(u)
(∂tξyi)
2
)
2Our treatment differs from that of [22] in that the authors of that article explicitly
include in the integrals of (14) the measure (deth
(0)
αβ)
1/2 corresponding to the classical
solution, and change the operators accordingly.
7
+ f 2(u)
(
(∂uxcl)
2 + 2(∂uxcl)(∂uξx) + (∂uξx)
2
)
(16)
+ f 2(u)
∑
i
(
Gyiyi(u)
Gxx(u)
(∂uξyi)
2 +
Gyiyi(u)
Gtt(u)
(∂uxcl)
2(∂tξyi)
2
)
where xcl(u) is defined by ucl(xcl(u)) = u.
Simplifying the last two terms (Using (6)) and integrating by parts, we
find that the set of operators Oa includes two types of quadratic operators:
Ox = 1
2
[
∂u
(
(f 2(u)− f 2(u0))3/2
f(u)g(u)
∂u
)
+
√
f 2(u)− f 2(u0) g(u)
f(u)
Gxx(u)
Gtt(u)
∂2t
]
Oyi =
1
2
[
∂u
(
Gyiyi(u)
Gxx(u)
√
f 2(u)− f 2(u0) f(u)
g(u)
∂u
)
(17)
+
Gyiyi(u)
Gtt(u)
g(u)f(u)√
f 2(u)− f 2(u0)
∂2t
]
and similarly for OζI with GζIζI (u) replacing Gyiyi(u). The boundary condi-
tions we impose on the eigenfunctions are ξ(u, 0) = ξ(u, T ) = 0 , ξ(∞, t) = 0
and ξ(u0, t) = 0 or ξ
′(u0, t) = 0 (The conditions at u0 imply that the function
ξ should be symmetric or antisymmetric around x = 0).
For a p + 1 dimensional space-time (t, x, yi), the bosonic free energy is
given by:
FB = −1
2
log detOx − p− 1
2
log detOy − (8− p)
2
log detOζ (18)
We can change variables (i.e. change world-sheet coordinates) to σ = xcl
and obtain the quadratic operators:
Oˆx = f(u0)
2
[
∂x
(
(1− f
2(u0)
f 2(ucl)
)∂x
)
+
Gxx(ucl)
Gtt(ucl)
(
f 2(ucl)
f 2(u0)
− 1)∂2t
]
Oˆyi =
f(u0)
2
[
∂x
(
Gyiyi(ucl)
Gxx(ucl)
∂x
)
+
Gyiyi(ucl)
Gtt(ucl)
f 2(ucl)
f 2(u0)
∂2t
]
(19)
and similarly for OˆζI where the boundary conditions are ξˆ(−L/2, t) = ξˆ(L/2, t) =
0. The free energy is still given by (18).
3.2 The normal coordinate gauge
In this gauge we take the fluctuations to be everywhere normal to the classical
curve (see figure 1). With this choice, both ucl and xcl are changed by the
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fluctuation to the final values u and x. We further choose the gauge τ = t (as
before), and σ = ucl. The components of the tangent vector to the classical
curve obey tu/tx = ∂xucl which is given by (6), and therefore the components
of the unit normal vector are the solutions of
nx(ucl) tx(ucl) Gxx(ucl) + nu(ucl) tu(ucl) Guu(ucl) = 0
nx(ucl)
2 Gxx(ucl) + nu(ucl)
2 Guu(ucl) = 1 (20)
the classical string the fluctuation inthe normal gauge
the fluctuating string
Figure 1: The fluctuations in the normal gauge
We denote the magnitude of the fluctuation along the normal direction
by the dimensionless field ξn(ucl, t). The coordinate vector in the (x, u) plane
is thus
x = xcl(ucl) + nx(ucl) ξn(ucl, t) , u = ucl + nu(ucl) ξn(ucl, t) (21)
and both ucl and xcl change after the fluctuation to the final values u and x.
Unlike the fixed u gauge, the fluctuations result also in a change in the
metric. In our gauge the off-diagonal elements are zero and the diagonal
elements, to second order, are given by:
Gµµ(X) = Gµµ(ucl) + ∂uGµµ(ucl) · nu(ucl) ξn(ucl, t)
+
1
2
∂2uGµµ(ucl) · (nu(ucl) ξn(ucl, t))2 (22)
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(with no summation over indices). As the action is an integral of L essentially
from u =∞ to u = u0 and back again to u =∞, and we have the boundary
conditions ξn(∞, t) = 0, the part of L linear in ξn does not have to vanish, but
rather should be a total derivative of the form ∂u(F(1) ξn(ucl, t)), in order to
ensure that the classical solution is an extremum. We find this to be indeed
the case. Inspection of hαβ readily reveals that there are in h no quadratic
terms of the types ∂tξn · ξn or ∂tξn · ∂uξn (and also no linear term of the type
∂tξn). By adding a total derivative of the type ∂u(F(2) ξn(ucl, t)
2) we can also
get rid of the ∂uξn · ξn term. Finally, we get the quadratic expression
L(2) = Lcl + Cξξ(ucl)ξ2n + Ctt(ucl)(∂tξn)2 + Cuu(ucl)(∂uξn)2 (23)
Thus the operator On takes the form
On = −∂u(Cuu(ucl)∂u)− Ctt(ucl)∂2t + Cξξ(ucl) (24)
Since the explicit expressions of the C’s are cumbersome for the general case
we do not find it useful to write them down. In sections 6, 12 we derive them
for certain special cases.
3.3 The fixed x gauge
Here we impose σ = x and fix the gauge by ξx = 0. Expanding now the square
root of h to quadratic order yields yet another operator for the longitudinal
fluctuations. We write it this time in the form of the action.
S(2) =
f(u0)
2
∫
dσdτ
{[
g(u)2f(u0)
2
f(u)4
(∂σξu)
2 +
Guu(u)
Gtt(u)
(∂τξu)
2 + µ2(σ)ξ2u
]
+
[
Gyiyi(u)
Gxx(u)
(∂σξi)
2 +
Gyiyi(u)Gxx(u)
f(u0)2
(∂τξi)
2
]}
(25)
The ”mass term” µ2(σ) will be written explicitly for specific metrics. The
fact that there is a ”mass” term present in this gauge, and in the normal
coordinate gauge, and there is no such term in the fixed u gauge is not
surprising since such a term necessarily arises when Gµν(u) is expanded about
ucl. In the gauge σ = u there is no fluctuation in u so no such term arises.
The significance of this term will be discussed further when we study special
cases such as AdS and pure Yang-Mills.
3.4 Comparing the different gauges
One expects that physical, gauge invariant quantities should be identical
when using different gauges. This general belief is justified provided that
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one considers legitimate gauges. The differential operators derived in the
three different gauges are manifestly not identical. It may happen that their
determinant is nevertheless identical. Formally, one can pass from one gauge
to another. For instance changing the integration variable from σ = x to
σ = u together with the rescaling of ξu
ξu = ξx · ∂xu(x) (26)
maps between the fixed x gauge to the fixed u one. However, this rescaling
itself may be singular as indeed occurs at u0.
The computation of the operator Ox in the fixed u gauge corresponds
to the assumption that the longitudinal fluctuation of the string is in the
x direction (”gauge fixing” the coordinates u, t as σ, τ respectively). This
assumption leads to two problems in the physical interpretation. First, near
u = u0, even a small fluctuation can lead to multiple valuedness of x as
a function of u. Second, the extremal point can itself fluctuate in the u
direction, and no longer correspond to u = u0 (see figure 2). The problem
is that at u = u0 the x direction is tangential to the classical curve, and
that choice of the direction of the field of fluctuations becomes singular. As
the metrics depend only on u, this choice of fluctuation involves no change
in metric. It is easy to understand, therefore, why the operator Ox involves
only derivatives of the fluctuating field.
By choosing σ to be x, and the direction of fluctuations to be along u,
the limit u = ∞ becomes singular in the aforementioned sense. However,
this singularity exists also in the fluctuations of the bare quarks, and after
the subtraction of the quark masses from (8) it might cancel.
The safest choice, however, seems to be taking the fluctuations to be
anywhere normal to the classical curve, as previously explained. 3
Figure 2: A problematic fluctuation in the fixed u gauge
3In [22] the computations were performed in the ”Riemann normal coordinate” ap-
proach. This method is similar to the normal coordinate we are using.
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4 Bosonic string in flat space-time
We can now easily derive the free energy of a bosonic string in flat space-time
(Lu¨scher term). The metric is given by Gtt = −1 ; Gxx = Gyiyi = 1, where
i = 1, . . . , D− 2. Note that u is now one of the yi coordinates. The classical
solution in this case is just a straight line along the x direction from −L/2
to L/2. Obviously, for this case the three different gauges are identical. We
use (19) and regard only the transverse fluctuations operator (Oˆyi). This
operator is the ordinary Minkowski Laplacian. Considering now Euclidean
space time and demanding the eigenfunctions to vanish on the boundary, the
eigenvalues of the Laplacian are (minus)
En,m = (
nπ
L
)2 + (
mπ
T
)2 (27)
and the free energy is given by
− 2
D − 2FB = log det∆ = log
∏
n,m
En,m =
∑
n,m
log((
nπ
L
)2 + (
mπ
T
)2) (28)
∼
∑
n
T
π
∫ ∞
0
dω log(1 + (
nπ
ωL
)2) + o(L) =
∑
n
T
π
· π · nπ
L
+ o(L)
= T
π
L
∑
n
n+ o(L) (29)
where we assumed that T is large.
Regulating this equation using the Riemann zeta function and discarding
(infinite) terms that do not depend on L, we find
FB = (D − 2) π
24
T
L
(30)
This expression also gives a quantum correction to the linear quark anti-
quark potential in a bosonic QCD-string model in D-dimensional flat space.
Using the Wilson loop to calculate this potential we have
∆V (L) = − 1
T
FB = −(D − 2) π
24
· 1
L
(31)
which is called the Lu¨scher term.
5 A General scaling result
The argument of the previous section can be generalized to operators which
do not necessarily correspond to the flat case and will lead to a general scaling
result that will prove useful in our work.
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Let us define the operators
O[A,B] = A2Ft(v)∂2t +B2Ov (32)
with t the time, v a coordinate whose range is independent of L. Ov is a
general operator of v alone, independent of L, and A,B are constants which
may depend on L. Then, V [A,B], defined as the correction to the potential
arising from O[A,B], is proportional to B/A. In particular, the potential is
independent of any overall factor multiplying the operator O.
The idea of the proof is that by redefining t we can scale the operator
O[A,B] to O[1, 1], and the factors by which the eigenvalues get multiplied
in this operation become irrelevant in the large T limit. We proceed to the
proof itself.
Separation of variables shows that the eigenfunctions ofO[A,B] are φ(v, t) =
eiωtφ(v). We define the eigenvalues E˜n(ω
′) by[−Ft(v)ω′2 +Ov] φ˜(v) = E˜n(ω′) φ˜(v) (33)
and En(ω
′) by [−A2Ft(v)ω′2 +B2Ov]φ(v) = En(ω′)φ(v) (34)
or [−Ft(v)(Aω′/B)2 +Ov)]φ(v) = B−2En(ω′)φ(v) (35)
so that
En(ω
′) = B2E˜n(Aω
′/B) (36)
The boundary conditions for the time coordinate lead to ω = pim
T
for
integer m. Hence we have for V [A,B], (when o(T ) designates a term which
does not depend on T , or grows sublinearly with it),
− T · V [A,B] + o(T ) = 1
2
log detO[A,B]
=
1
2
∑
n
∑
m
logEn(
πm
T
)
=
1
2
∑
n
∑
m
(
log E˜n(
A
B
· πm
T
) + 2 logB
)
=
1
2
∑
n
∑
m
(
log E˜n(
πm
BT/A
) + o(T )
)
= −BT
A
· V [1, 1] + o(T ) (37)
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and so indeed V [A,B] = (B/A) · V [1, 1].
We can make a simple consistency check of our result. Let us look at the
flat Laplacian ∆ = ∂2t + ∂
2
x. The range of v = x/L is 0 ≤ v ≤ 1 independent
of L, and ∆ = ∂2t + L
−2∂2v , so by the above result we get V (L) ∝ L−1 as we
have indeed seen in section 4.
6 Bosonic string in the AdS5×S5 background
In AdS5 × S5 background the metric can be written in the following form
−Gtt = Gxx = Gyy = u
2
R2
; Guu =
R2
u2
; Gζζ = R
2 (38)
where y is a transverse coordinate of the AdS5, while ζ is a transverse coor-
dinate in S5. We therefore get
f(u) =
u2
R2
(39)
g(u) = 1 (40)
Note that as we deal with small fluctuations and big R, the angular coordi-
nates ζ of S5 can be treated as if they were not compactified.
Unlike the flat case, for the AdS5 × S5 metric the different gauge fixings
yield different operators.
In the fixed u gauge one finds using (19) the following quadratic operators
Oˆx = 1
2
u20
R2
[
∂x((1− u
4
0
u4
)∂x)− (u
4
u40
− 1)∂2t
]
(41)
and
Oˆy = 1
2
u20
R2
[
∂2x −
u4
u40
∂2t
]
Oˆζ = 1
2
u20
R2
[
∂x(
R4
u2
∂x)− R
4u2
u40
∂2t
]
(42)
In the normal fluctuations gauge, the fluctuations along the directions y, ζ
which are perpendicular to the (x, u) plane are the same as (42). However,
for On we have
O′n =
2u8 − 5u4u40 + 3u80
2u6
√
u4 − u40
− R
4
2
√
u4 − u40
∂2t − ∂u
(√
u4 − u40
2
∂u
)
(43)
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In the dimensionless variable v = u/u0, it is easy to see that this operator
is of the form (32), with A2 = R4u−20 , B
2 = 1. We conclude, according to
the result of section 5, that the correction to the potential is proportional
to R−2u0, that is [8], inversely proportional to L. Moreover, there is no
further dependence on R when we eliminate the variable u0 in favour of L.
The classical and quadratic quantum quark anti–quark potential add up to
V ∼ −√λ/L+c′/L with λ ≡ g2YMN ∼ R4 the ’t Hooft coupling constant, and
c′ a universal constant, independent of λ. We see that the quantum expansion
in ~ is equivalent, for large λ, to an expansion in R−2 or equivalently in λ−1/2.
The quantum expansion does not spoil, of course, the conformal nature of
the field theory. The other operators for the normal gauge can be seen,
by similar reasoning, to give rise also to a potential correction of the same
characteristics.
Note also that if we approximate the classical curve to be flat over most
of its range and thus approximate u = u0 throughout, the mass term drops
out and the operator simplifies to the flat Laplacian,
Oˆ′x −→ −
1
2
∂2t −
1
2
∂2x (44)
and for the longitudinal direction we get exactly the same Lu¨scher term as in
the flat case. The same happens also to the transverse directions. (Note that
O′n cannot be approximated in this way since u is constant and it is thus not
integrated over ). The shape of the string, however, does not change with L
but only scales. It is thus not a good approximation, in our case, to assume
that the string is flat. In section 11 we will give quite a stringent criterion
for flatness, and prove that strings in metrics corresponding to confining field
theories are indeed flat.
When we revert to a differential operator involving the coordinate x in-
stead of u, (with the integration of the Lagrangian in the t, x coordinates),
the operator (43) is translated to
Oˆ′n =
2u8 − 5u4u40 + 3u80
2R2u4u20
− R
2u2
2u20
∂2t − ∂x
(
R2u20
2u2
∂x
)
(45)
In the fixed x gauge we have again the same transverse operators, while
the longitudinal operator becomes
Oˆ′x =
5u60 − 2u4u20
u6R2
+
u20R
2
2u4
∂2t + ∂x
(
u60R
2
2u8
∂x
)
(46)
Note that we can use the same scaling arguments as for the normal gauge
to show that the correction is inversely proportional to L. Another remark is
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in order. The “mass term” is more properly looked at as a shift in the levels
of the massless modes rather than as a real mass term, since it behaves like
u20/R
4 which is proportional to 1/L2. Thus the mass gap in this case will be
of the same order as the energy of a massless mode in a box of length L.
7 The bosonic string in the AdS5 × S5 back-
ground – Polyakov’s action
The analysis of the quadratic quantum fluctuations can be performed, as was
discussed at the end of section 2, also in the framework of Polyakov’s action.
Here we present a rederivation of the bosonic determinant of the AdS5 × S5
Wilson loop using the Polyakov action. Recall that the action (2) is given by
S =
1
2
∫
dσdτ
√
hhαβ∂αX
µ∂βX
νGµν(X) (47)
with the metric given in (38). This action is minimized by the classical
configuration
u(σ, τ) = ucl(σ); t(σ, τ) = τ ; x(τ, σ) = σ; y
i(σ, τ) = 0; ζI(σ, τ) = 0 (48)
The function ucl(σ) satisfies the equation [8]∫ ucl/u0
1
dy
y2
√
y4 − 1 =
σu0
R2
(49)
where u0 = u(σ = 0), the minimal value of ucl, is determined by the boundary
conditions at σ = ±L/2 where u→∞, to be
u0 =
2
√
2π3/2R2
Γ(1
4
)2
· L−1 (50)
The classical value of the worldsheet metric is determined by the equations
of motion derived by variation of the action with respect to hαβ ,
hαβ = ∂αX
µ∂βX
νGµν(X) (51)
which take the following form
(hσσ)cl =
u6cl
u40R
2
(hττ )cl =
u2cl
R2
(52)
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The quantum fluctuations of the string coordinates are introduced as in (12),
and those of the world sheet metric are as follows
hσσ = (hσσ)cl(1 + γσ); hττ = (hττ )cl(1 + γτ ); hστ = γ
√
(hσσ)cl(hττ )cl
(53)
where γ, γσ, γτ parameterize the metric fluctuations.
We now use the reparameterization invariance of the action to choose the
“gauge” in which
ξu(σ, τ) = ξt(σ, τ) = 0 (54)
so that
u = ucl(σ); x
t = τ ; x1 = σ + ξ1; x2 = ξ2; x3 = ξ3 (55)
Note that we do not consider here the fluctuations in the ζ directions.
Next we expand the action (47) to quadratic order in the γ’s and the ξ’s.
The first order correction of the classical action S(1) is expected to vanish
and indeed
S(1) =
u20
R2
∫
dσdτ∂σξ
1 (56)
vanishes by the boundary conditions on ξ1. The quadratic term is given by:
S(2) =
1
2
∫
dσdτ
[
u4cl
R2u20
{
γ2 +
1
4
(γτ − γσ)2 +
(
∂τξ
i
)2}
+
u20
R2
{(
∂σξ
i
)2
+ ∂σξ
1 (γτ − γσ)
}
− 2u
2
cl
R2
γ∂τξ
1
]
(57)
Our next step is to perform the Gaussian integrals over the γ’s. Recall that
our goal is to compute
Z(2) =
∫
Dhαβ
3∏
i=1
Dξi exp{−S(2)} (58)
where we integrate over the fluctuations of hαβ. This can be translated to
integrations of the various γ’s. The result of the integral is:
Z(2) =
3∏
i=1
Dξi exp {−Seff} (59)
with
Seff =
1
2
∫
dσdτ
[
u20
R2
{(
u4cl
u40
− 1
)(
∂τξ
1
)2
+
(
1− u
4
0
u4cl
)(
∂σξ
1
)2}
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+{
u4cl
R2u20
(
∂τξ
⊥
)2
+
u20
R2
(
∂σξ
⊥
)2}]
(60)
where the notation ξ⊥ refers to ξ2 and ξ3. It is thus clear that in the fixed u
gauge the bosonic operators derived from Polyakov’s action are identical to
those found from the NG action (42).
8 Introducing fermionic fluctuations
So far we have considered only quantum fluctuations of the bosonic degrees
of freedom. Recall, however, that gauge/gravity duality was originally [7]
proposed in the context of superstring theories which include worldsheet
fermions. This, together with the hope that supersymmetry will lead to
the cancellation of divergences, raises the question of the contribution of
fermionic fluctuations to the free energy. It might seem an easy task to trun-
cate the NSR action and collect terms quadratic in the fermionic fluctua-
tions. This is indeed the case for a flat background with vanishing Ramond–
Ramond form. However there is so far no satisfactory formulation of the
world-sheet supersymmetric NSR action for a background with non-vanishing
RR forms. Recall that in the AdS5 × S5 model, the self dual 5-form plays
an essential role. Hence we use here the manifestly space-time supersym-
metric GS approach. For the AdS5 × S5 background this action has been
constructed in [24] as a supersymmetric sigma model with the coset super-
manifold SO(2, 2|4)/(SO(1, 4)× SO(5)) as its target space. The GS action
is invariant under local κ-symmetry. By gauge fixing this symmetry one re-
duces the number of fermionic degrees of freedom by a factor of two so that it
matches the number of bosonic degrees of freedom. In [27] a 2d scalar-scalar
duality transformation was invoked to transform the gauge fixed action into
an action which is quadratic in the fermions.
In this section we first consider the fermionic contribution of the super-
symmetric theory in flat space-time. We then use the gauge fixed action
[27] to deduce the contribution of the fermionic quantum correction in the
AdS5 × S5 background.
8.1 Fermions in flat space-time
For flat Minkowski space-time we choose the super-Poincare´ group as our
target space. When we explicitly consider a flat classical string, the fermionic
part of the simplified gauge fixed GS-action in the flat space-time is simply
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SflatF = 2i
∫
dσdτ θ¯Γi∂iθ (61)
where θ is a Weyl-Majorana spinor and Γi are the SO(1,9) gamma matrices.
The fermionic operator is, hence
OˆF = DF = Γi∂i (62)
and squaring it we get ∆ = ∂2x − ∂2t . The total free energy of the supersym-
metric case is therefore (using the fact that for D=10, we have 8 transverse
coordinates and 8 components of a Weyl-Majorana spinor),
F = 8×
(
−1
2
log det∆ + log detDF
)
= 0 (63)
and there is no Lu¨shcer term.
8.2 Fermions in AdS5 × S5
The target space for the GS action in the AdS5 × S5 background is the
coset superspace SU(2, 2|4)/(SO(1, 4) × SO(5)) [24]. The action is found
to be in the form of the usual supersymmetric string action (but with the
induced non–flat metric), with a change of the derivative acting on the spinor
variables θ1, θ2. If eai is the induced worldsheet vielbien, and ω
ab
i the induced
worldsheet spin connection, then
∂iθ
I → DiθI ≡ DiθI − i
2
ǫIJeai γ
aθJ (64)
with Di = ∂i + 14ωabi γab the usual induced worldsheet covariant derivative.
The interpretation is that the metric influences the action through Di while
the Ramond–Ramond flux is responsible for the second term in (64). Using
the gauge fixing suggested in [25, 26, 27], the fermionic part of the action for
the classical solution can be computed and it leads to the operator
OˆF = u
2
0
R2
Γ1∂x +
(
u4cl
u20R
2
Γ0 +
u2cl
R4
·
√
u4cl − u40
u20
Γ2
)
∂t (65)
where we use gamma matrices of SO(1,4) which is the AdS5 tangent space.
Squaring this operator, we find(
R2
u20
OˆF
)2
= ∂2x −
u4cl
u40
∂2t =
R2
u20
Oˆy (66)
We find therefore, that the transverse fluctuations partially cancel the fermionic
fluctuations and we are left with six fermionic degrees of freedom and the
longitudinal and angular bosonic fluctuations.
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9 Bare quark in AdS5 × S5
In this section we investigate the single ”bare” quark, which is a flat string
in AdS5 × S5 space stretching along the AdS radial coordinate . In this
case the string is a BPS state and we expect neither its charge nor its mass
to be modified by quantum fluctuations. This problem is related to issues
associated with certain BPS soliton solutions [31].
The AdS5 × S5 metric is
ds2 = GMNdx
MdxN =
(
R2
u2
)
du2 +
(
u2
R2
)
dxµdx
µ +R2dΩ25 (67)
where we take {x0, x1, x2, x3} with Minkowskian signature.
The classical solution of the bare quark is σ = u, τ = t, xi = 0 and the S
5
angles ζI=0. It is obvious that there is a separation of the quadratic action,
and the fluctuations of the fields can be taken one at a time. We shall take
the static gauge of the action, so that the fluctuating fields are the three xi
and the five ζI .
For the five angular fields, since we are working in the large R regime,
the curvature of S5 is not felt, and we can approximate S5 locally by the
flat space R5. We take one field φ(σ, τ) along one angle ζ , i.e, study the
worldsheet with (u, t, ζ) = (σ, τ, φ(σ, τ)). We have
hαβ = GMN∂αx
M∂βx
N =
( −(u/R)2 +R2φ˙2 R2φ′φ˙
R2φ′φ˙ (R/u)2 +R2φ′2
)
(68)
so that
h = det hαβ = −1 + (R4/u2)φ˙2 − u2φ′2 (69)
The Nambu–Goto action (2) is therefore S ∝ √−h = 1 + S(2) + O(φ4) with
the quadratic action
S(2) ∝ (R/u)2φ˙2 − (u/R)2φ′2 = φ
[−(R/u)2∂2t + (u/R)2∂2u − 1/R2]φ (70)
where we have used integration by parts and the Dirichlet boundary condi-
tions. We therefore see that for the five angular bosonic fluctuations, the
quadratic operator is O = −(R/u)2∂2t + (u/R)2∂2u − 1/R2.
For the three spatial coordinates, we want to keep the fluctuating field
dimensionless, so we take (u, t, x) = (σ, τ, φ(σ, τ)/u). A similar calculation
yields in this case the operator O = −(R/u)2∂2t + (u/R)2∂2u − 3/R2.
Regarding the fermionic fluctuations around the classical bare quark con-
figuration, one can see that the κ-symmetry fixing suggested at [25, 27] is
not applicable, and produces a degenerate operator. We should therefore
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consider only the quadratic part of the action and try another way to fix the
gauge. The quadratic part of the GS action is, in this case,
L(2)F = θ¯0
[
−iR
u
γ0D0 + i u
R
γ4D1 − i u
R
γ0D1 + iR
u
γ4D0
]
θ0
+ θ¯1
[
−iR
u
γ0D0 + i u
R
γ4D1 + i u
R
γ0D1 − iR
u
γ4D0
]
θ1 (71)
+ θ¯0
[
1− γ0γ4] θ1 + θ¯1 [−1− γ0γ4] θ0
Fixing the κ-symmetry by setting θ0 = θ1 and writing the covariant
derivative explicitly, D0 = ∂0 + (u/2)γ0γ4 , D1 = ∂1, we have
OF = −R
u
γ0∂t +
u
R
γ4∂u +
1
2R
γ4 +
i
R
γ0γ4 (72)
Squaring this operator, integrating by parts and ignoring total derivatives,
we find the operator
O2F = −(R/u)2∂2t + (u/R)2∂2u −
7/4
R2
(73)
One should note, however, that taking another gauge fixing, which is a-
priori as good as ours (e.g. θ1 = −iγ3θ0) leads to a different result. We prefer
our gauge fixing as it leads to the expected cancelation of the divergences.
All the quadratic operators of the dynamical degrees of freedom are seen
to be of the form Oj = −(R/u)2∂2t + (u/R)2∂2u − cj/R2. There are eight
bosonic ones, corresponding to the eight coordinates left after fixing the
worldsheet reparameterizations, and eight fermionic ones. The fermionic
operators were squared, and are taken with a negative sign, as the fields are
complex Grassmannian. Therefore, The quadratic quantum contribution to
the mass is
∆m = − 1
2T

 ∑
bosons
log detOj −
∑
fermions
log detOj

 (74)
We were unable to find explicitly the eigenvalues of those operators and
multiply them using some regularization scheme. However, it is well known
that the logarithm of the determinant of such second order operators has
in general quadratic, linear and logarithmic divergences in the cutoff scale
Λ. Moreover, the corresponding coefficients are known (see, for example,
[5]). The sheer fact that the number of fermionic and bosonic operators is
the same, and that they differ only in the ”mass term” cj/R
2 is sufficient
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to ensure that the quadratic and linear divergences cancel out in (74). The
logarithmic divergence also cancels out provided that∑
bosons
cj −
∑
fermions
cj = 0 (75)
Indeed, we have 3 · 3 + 5 · 1 − 8 · 7/4 = 0. We therefore see that there is no
infinite part, needing renormalization, to the aforementioned contribution to
the bare quark mass. We were unable to show, however, that the finite part
also vanishes, as expected from supersymmetry.
10 Fluctuations of the Dp backgrounds
In this section we show that the quadratic contribution of the quantum fluc-
tuations to the potential is proportional to 1/L in the general Dp background
(p ≤ 4). In the D3 case, where the result is dictated by conformality, this
was shown in section 6.
For metrics relevant to Dp-branes, −Gtt = Gxx = Gyy and
f(u) = auk (76)
g(u) = buj (77)
with arbitrary a, b 6= 0 , k, j (for those specific metrics, a ∼ R−(7−p)/2). The
power-like behaviour of f, g is essential in order to get the desired result.
The operator for transverse fluctuations is given by (17). Inserting f, g to
that equation and changing the variable u to v = u/u0 (which has the range
1 ≤ v <∞ regardless of L), we get
Oy = 1
2
[
buj0 ·
vj√
1− v−2k ∂
2
t +
a2
b
u2k−j−20 · ∂v
(
v2k−j
√
1− v−2k∂v
)]
(78)
Which is of the form (32) with A2 = buj0 , B
2 = a
2
b
u2k−j−20 . Therefore,
by the result of section 5, the potential is proportional to B/A = a
b
uk−j−10 .
As it is known [17] that L ∝ b
a
uj+1−k0 , we finally get that V ∝ L−1, that is,
the correction to the potential resulting from transversal bosonic fluctuations
(and from all fermionic ones) is inversely proportional to L. Unfortunately,
we do not know the constant of proportionality, and not even its sign. This
constant of proportionality, however, cannot depend on R since the constants
a, b cancel out. Indeed, for p 6= 3, the ’t Hooft coupling constant λ ∼ R7−p
is dimensionful, and therefore can not enter the aforementioned constant of
proportionality. The classical and quantum quadratic potentials add up to
V ∼ −λ1/(5−p)/L2/(5−p) + c′/L and the quantum expansion is in λ−1/(5−p).
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One can easily see that the scaling for the longitudinal bosonic operator
Ox in the fixed u gauge is essentially identical, as it can be casted to the form
(32) with the same A,B as in the transverse case. Therefore we conclude
that the correction arising from this gauge fixing also obeys V ∝ L−1. The
picture in the normal gauge, which we argued is safer, is more involved. We
have computed it explicitly and shown the L−1 behaviour only in the p = 3
case.
11 Flatness of the string in the confining case
The string in the confining “pure Yang-Mills” case was shown [19] to be
very flat for large L. This result will be needed for the next section. In
this section we shall generalize this result in a precise manner for all metrics
giving confinement. We shall pick a constant value w (independent of L)
and inquire at what distance d from the ends of the string (at x = ±L/2)
the string reaches u = w. We shall find that we cannot show that d is
independent of L but rather we find that it can grow with L. This growth is
however mild and the ratio d/L tends to zero as L grows (see figure 3).
The analysis requires the Taylor expansion of f(u) and g(u) (we use the
conventions of [17]),
f(u) = f(0) + aku
k +O(uk+1) (79)
g(u) = bju
j +O(uj+1) (80)
with f(0) 6= 0 due to confinement. We pick w to be sufficiently small so that
all our subsequent approximations are valid.
For small u, substitution of (79),(80) in (6) gives
u′ ≡ ∂xu ≈
√
2f(0)ak(uk − uk0)
bjuj
(81)
or, with v ≡ u/u0,
v′ ≈
√
2f(0)ak
bj
u
k/2−j−1
0
√
vk − 1
vj
≡ c uk/2−j−10
√
vk − 1
vj
(82)
The critical case k = 2(j + 1) is the generic one (k = 2, j = 0) and also
corresponds to the “pure Yang–Mills” case (k = 1, j = −1/2, where the
horizon u = uT should be substituted for u = 0). In this case
v′ ≈ c
√
vk − 1
vj
≤ cvk/2−j = cv (83)
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so that (log v)′ = v′/v ≤ c, or log v ≤ log v0 + cx. Therefore, v ≤ v0ecx, or
finally u ≤ u0ecx.
If we demand u0e
cx ≤ w, we get
x ≤ log(w/u0)
c
≡ η − 1
c
log u0 (84)
On the other hand, it is known [17] that in the critical case
− 1
c
log u0 =
1
2
L+O(logL) (85)
so if x ≤ 1
2
L − O(logL) it is guaranteed that u ≤ w. In other words,
d ≤ O(logL).
In the non critical case k > 2(j + 1), the minimum of f(u) is more flat,
and we expect the results to be somewhat weaker. Using arguments similar
to those in the previous case (but this time not approximating vk − 1 ≈ vk),
and using results from [17], one can show that in this case d ≤ O(Lk/2−j−1k/2−j ).
d can grow with L, but the ratio d/L ≤ O(L− 1k/2−j ) tends indeed to zero as
L grows.
(a)
w
w
d
dd
d
(b)
Figure 3: (a) The classical solution is rescaled as L → ∞ in the AdS5 × S5
background while (b) It becomes flatter in the confining scenario
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12 Bosonic fluctuations in the ”Pure Yang-
Mills” setup
When one of the spatial coordinates of theAdS5×S5 metric is compactified on
a circle of radius ∝ u−1T , with the proper boundary condition [13], the modes
in the compact dimension become Kaluza-Klein modes with masses of the
order of uT , and the fermions and scalars of the conformal four-dimensional
theory also acquire masses of the same order and decouple in the low energy
regime of the theory. Therefore, the N = 4 conformal theory in four dimen-
sions is deformed to a theory similar to non supersymmetric Yang-Mills in
three dimensions.
In the brane language, the metric corresponds to non extremal D3 branes
in the near horizon limit, and uT is related to the energy density on the D3
brane.
Let us call the compact direction z. With the conventions introduced
earlier, working Euclideanly, and still neglecting factors of 2π, the metric is
+Gtt = Gxx = Gyy = u
2/R2 (86)
Gzz = (1− (uT
u
)4) · u2/R2 (87)
Guu =
(
(1− (uT
u
)4) · u2/R2
)−1
(88)
and so
f(u) = u2/R2 (89)
g(u) = (1− (uT
u
)4)−1/2 (90)
The exact classical solution for the Wilson loop in this setup is given for
this case by [18, 17]
E =
u2T
2πR2
· L− 2κ+O(e−αL) (91)
with κ some constant and α = 2uT/R
2.
In order to compute the quantum correction to the energy, we should
compute the appropriate operators. From (19) we still have that
Oˆy = u
2
0
2R2
[
∂2x +
u4
u40
∂2t
]
(92)
Oˆζ = u
2
0
2R2
[
∂x(
R4
u2
∂x) +
R4u2
u40
∂2t
]
(93)
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but now
Oˆz = u
2
0
2R2
[
∂x
(
(1− (uT
u
)4)∂x
)
+
u4
u40
(1− (uT
u
)4)∂2t
]
(94)
A calculation for the longitudinal part using normal fluctuations, similar to
that performed for the conformal case in section 6, can be carried out, and
the result turns out to be similar to the longitudinal result in that case, only
with a different ”mass term”.
In the large L limit, as we have seen in section 11, the string is, for most
of its length, very flat, and has u ≈ u0. Following [19], we assume that we
can trust this analysis even after substituting u ≡ u0 in the operators. In
that limit we find
Oˆy −→ u
2
0
2R2
[
∂2x + ∂
2
t
]
(95)
Oˆζ −→ u
2
0
2R2
[
R4
u20
∂2x +
R4
u20
∂2t
]
(96)
Oˆz −→ u
2
0
2R2
(1− (uT
u0
)4)
[
∂2x + ∂
2
t
]
(97)
Oˆx −→
[
2u4T
u20R
4
+
1
2
∂2x +
1
2
∂2t
]
(98)
As L grows, u0 → uT , and the tendency is exponential [17],
u0 − uT
uT
≈ e−αL (99)
Inserting this to the operators we find for large L that
Oˆy −→ u
2
T
2R2
[
∂2x + ∂
2
t
]
(100)
Oˆζ −→ R
2
2
[
∂2x + ∂
2
t
]
(101)
Oˆz −→ u
2
T
2R2
e−2uTL
[
∂2x + ∂
2
t
]
(102)
Oˆx −→
[
4u2T
2R4
+
1
2
∂2x +
1
2
∂2t
]
(103)
We see that the operators for transverse fluctuations, Oˆy, Oˆζ , Oˆz, turn
out to be simply the Laplacian in flat spacetime, multiplied by overall factors,
which are, as we have seen, irrelevant. Therefore, the transverse fluctuations
yield the standard Lu¨scher term [1] proportional to 1/L.
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The longitudinal normal fluctuations give rise to an operator Oˆx corre-
sponding to a 1 + 1 dimensional scalar field with mass 2uT/R
2 = α. Such a
field contributes a Yukawa–like term ≈ −√α
L
e−2αL to the potential.
We see that the under the assumption that we can approximate the classi-
cal string configuration by a flat one, we get that one of the bosonic degrees of
freedom becomes massive and its 1/L contribution to the potential is reduced
to an exponentially small contribution (similar to, but even weaker than, the
exponential part of the classical correction (91)). This is in contrast to the
results of [19], where two bosonic degrees of freedom become massive. The
source of this discrepancy is that in [19], the string is approximated to lie on
the horizon, u ≡ uT . Our scheme, in which the approximation is u ≡ u0, is
more accurate.
In the calculations of [19], one must take into account the force exerted on
the (almost) flat string by the non flat segments near x = ±L/2. The addition
of the corresponding potential causes the flat string to be in equilibrium at
u = u0. Therefore, (in the notations of [19]), we get Z
2 + T 2 = u0 − uT 6=
0, and there is a spontaneous breaking of the rotational symmetry. The
resulting Goldstone boson is exactly the degree of freedom which is massless
in our calculation but massive in that of [19].
13 Fermionic fluctuations in the ”pure Yang
Mills” setup
The derivative Di in (64) is argued in [24] to originate from the derivative
Dµ = ∂µ +
1
4
ωabµ Γab + cΓ
µ1···µ5Γµe
φFµ1···µ5 (104)
which appears also in the Killing spinor equation of type IIB supergravity.
Here, φ is the dilaton and Fµ1···µ5 is the Ramond–Ramond field strength. In
the AdS5 × S5 case, there is no dilaton background (φ = 0), and Fµ1···µ5 ∼
u3ǫµ1···µ5 . In the actual computation, a factor of (− detGµν)−1/2 ∼ u−3 can-
cels the u3 from F , and the last term of (104) indeed reduces to the last term
of (64), with the Minkowski–space γ01234 replaced by ǫIJ .
When moving to the ”pure Yang–Mills” metric (87), upon compactifica-
tion of the coordinate z, the dilaton and Ramond–Ramond flux remain the
same, and detGµν does not change either. Assuming the same form (104) of
the derivative, we therefore again arrive at (64).
Based on the results of section 11, We now assume, as in the bosonic
computation of the previous section, that the classical string is flat. That is,
σ0 = t, σ1 = x1, with u = u0 and all other coordinates zero (or constant).
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The combined fluctuations of the string around its classical solution and of
the fermions around zero give terms of high order; the quadratic terms of the
fermions are coupled only to the bosonic classical solution.
In this section, we find it more convenient to work in Euclidean co-
ordinates. It is straightforward to see that the induced vielbein eai obeys
e00 = e
1
1 = u0/R, and all the other components vanish. The induced metric
is therefore proportional to the identity matrix, as it clearly should, and the
Lagrangian reduces to
L ∼ + θ¯1γ0D0θ1 + θ¯2γ0D0θ2 + θ¯1γ1D1θ1 + θ¯2γ1D1θ2 (105)
− θ¯1γ0D1θ1 + θ¯2γ0D1θ2 + θ¯1γ1D0θ1 − θ¯2γ1D0θ2
with Di the covariant derivative containing the effects of gravity and of the
Ramond–Ramond flux.
The relevant components of the spin–connection induced on the classical
worldsheet are, by (99),
2ǫ ≡ ω040 = ω141 =
u0
R2
√
1− (uT/u0)4 ∼ 2uT
R2
e−(uT /R
2)L (106)
By the previous discussion, the term arising from the Ramond–Ramond flux
in Di is cγ
iǫIJ . In order to agree with (64), c = u0/2R
2. In conclusion,
D0θ
I =
[
(∂0 + ǫγ
0γ4)δIJ + cγ0ǫIJ
]
θJ (107)
D1θ
I =
[
(∂1 + ǫγ
1γ4)δIJ + cγ1ǫIJ
]
θJ (108)
Inserting (107),(108) into (105) we get 24 terms which reduce to
L ∼ θ¯1 [γ0∂0 + γ1∂1 − γ0∂1 + γ1∂0 + 2ǫγ4 − 2ǫγ0γ1γ4] θ1
+ θ¯2
[
γ0∂0 + γ
1∂1 + γ
0∂1 − γ1∂0 + 2ǫγ4 + 2ǫγ0γ1γ4
]
θ2 (109)
+ θ¯1
[
+2c− 2cγ0γ1] θ2 + θ¯2 [−2c− 2cγ0γ1] θ1
Now we should impose a κ–symmetry gauge. Choosing the gauge θ2 =
−iγ4θ1, as advocated by [27] for the AdS5 × S5 case, we get
L ∼ θ¯1 [γ0∂0 + γ1∂1 + 2i(c− iǫ)γ0γ1γ4] θ1 ≡ θ¯1OF θ1 (110)
When we square the fermionic operator, and remove, using integration by
parts, the terms with a single derivative, we finally get
O2F = ∂20 + ∂21 + 4(c− iǫ)2 (111)
We thus see that all the eight fermionic modes become massive, with mass
m = 2(c − iǫ). The mass of the fermions has an imaginary part, but as by
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(106), ǫ is vanishingly small for large distances L, we see that m ≈ 2c =
uT/R
2 is half the mass of the only massive bosonic mode.
Choosing the similar κ–symmetry gauge θ2 = −iγ3θ1 we get a similar
result,
L ∼ θ¯1 [γ0∂0 + γ1∂1 + 2ǫγ4 + 2icγ0γ1γ3] θ1 (112)
Now
O2F = ∂20 + ∂21 + 4(c2 + ǫ2) (113)
and we have m2 = 4(c2 + ǫ2) ≈ 4c2, so again m ≈ 2c in the large L limit.
In conclusion, we see that in the ”pure YM” case there are seven massless
bosonic modes, and no fermionic ones. The contribution of the Lu¨scher term
to the quark anti–quark potential is −(7− 0) ·π/24 · 1/L, which is attractive
and concave in agreement with the general result in quantum field theory
[20, 21].
14 Summary and discussion
Wilson loops are some of the most important gauge invariant physical quan-
tities associated with non-Abelian gauge theories. They play an essential
role in the understanding of the underlying structure of YM theory. In par-
ticular, the rectangular loop has a simple interpretation, being related to the
static potential between a quark and an anti-quark. Wilson loops have thus
attracted a tremendous amount of work throughout the years. Among the
various approaches invoked to investigate the Wilson loop, the description
in terms of a string model is the most promising. This approach is based
on the fact that stringy Wilson loops obey the loop equation, and on the
phenomenological picture of a flux tube connecting the quark pair. Recently
the duality conjecture of Maldacena [7] has given this approach new impetus
from a new perspective.
It is easy to realize that a classical string in flat space–time results in
an area law behaviour which is expected for a gauge theory in the confining
phase. An interesting issue that had been discussed in the early Eighties is
the quantum corrections to the linear potential. The purpose of the present
work is to shed additional light on this issue, using the gravity description
of large N gauge theories. En route to this goal we have also addressed the
issues of the quantum correction to the quark anti–quark potential in N = 4
SYM via quadratic fluctuations of the corresponding string in the AdS5×S5
background, as well as the contribution of these fluctuations to the mass of
the BPS quark in that approach.
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Determining the quantum corrections involves four steps: (i) Writing
down the corresponding action, (ii) Choosing an appropriate gauge fixing,
(iii) Expanding the gauge fixed action to quadratic order and (iv) Comput-
ing, using some regularization scheme, the functional determinant and the
resulting free energy. Whereas the bosonic part of the action is well known
for any background, the incorporation of fermionic degrees of freedom is more
involved, due to the presence of a non trivial Ramond–Ramond background
in the models we discuss. So far no complete NSR action for such systems
has been formulated. A Green–Schwarz type of action was formulated for
the AdS5 × S5 model [24], but not for the more general backgrounds that
correspond to confining scenarios. In attempt to generalize the fermionic
action we used the fact that the AdS5×S5 action is a covariantization of the
flat GS action, and, assuming the same behaviour, wrote down the fermionic
operators for the confining scenario.
It turned out that the issue of choosing a ”gauge slice” is more tricky.
Already in fixing the 2d reparameterization we found that different gauge
choices lead to different operators. In principle, different operators could
yield the same regularized determinant. Moreover, since we were not able
to compute explicitly the determinants, we cannot really claim that they are
indeed different. However even the argument that the fixed u gauge, the fixed
x gauge and the ”normal gauge” lead to the same free energy was plagued
with possible singularities. We also argued that the latter gauge is safer than
the others. The projection of the fermionic fields into 8 Grassmannian degrees
of freedom (a single Weyl-Majorana spinor) through fixing of the κ–symmetry
can also be performed in various ways, and again, different gauge slices yield
different operators. For the BPS single quark configuration of the AdS5×S5,
the γ4 gauge fixing, introduced in [27], was found to be inapplicable (as in
general, fixing the κ-symmetry using a γi projection cannot be used when the
classical configuration spans along xi) and of the other projections we tried
one lead to a cancelation of the logarithmic divergences while another did
not. Further investigation is required in order to gain better understanding
of the issue of choosing a legitimate and effective κ-symmetry gauge fixing.
As for step (iv), we were not able to compute explicitly the determinants,
apart from the known case of flat space-time. Regarding the confining setup,
we used similar considerations to those of [19] in treating the bosonic degrees
of freedom and found that (only) one mode becomes massive. We were also
able to find some evidence that the fermionic modes are massive as well, thus
leading to a quantum correction to the linear potential which is attractive
and of Lu¨scher type. This provides an evidence in favour of the gauge/gravity
duality, as it was shown in [20], based on general arguments, that the overall
quantum potential should be concave.
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The ultimate test of the results concerning the confining setups is compar-
ison with experimental observations. There were several attempts to deduce
the corrections to the linear potential from the spectrum of heavy mesons
but it is not clear to us whether one can reach a coherent picture from this
analysis. On the way to comparing with experiment one should also consider
lattice computations of Wilson loops in 3 and 4 dimensional pure YM theory.
In particular, one should address the question whether a Lu¨scher term cor-
rection to the linear potential can be seen in lattice simulations. According to
[28] there are some numerical evidence for a Lu¨scher term associated with a
bosonic string. However the results are not precise enough to be convincing.
It is the quantum fluctuations of the AdS5 × S5 case that leave us with
several unresolved puzzles. In [22] it was found that there is a logarithmic
divergence in the determinant and it was suggested that the infinity should
be canceled by renormalizing the mass of the bare quarks. However, the
latter are BPS states and thus should not receive any quantum corrections.
Indeed, we have shown that, at least in a certain κ-symmetry gauge fixing
there are no logarithmic divergences. On the other hand we could not find
any gauge fixing in which the quantum corrections to the Wilson loop are
free of logarithmic divergences. Hence, the renormalization and gauge fixing
procedures for this case deserve further investigation. As for the question
of whether the AdS5 × S5 case admits a Lu¨scher term and of what sign, we
again do not have a conclusive answer. There are no hints from the explicit
calculation that the bosonic and fermionic determinants cancel. As discussed
in the introduction, the coefficient of the Lu¨scher term is in fact related to
the ”intercept”, the normal ordering constant in the Virasoro L0 generator.
We do not have any evidence that this should vanish in the AdS case.
There is, however, a naive argument why the Lu¨scher term should not
exist. In the limit of R → ∞ one may speculate that locally one sees a flat
metric and hence there should be a vanishing coefficient. Now, since the
basic property of the Lu¨scher term is that it is independent on R, the result
for R → ∞ should hold for any R. As we couldn’t verify this prediction
we may suspect that the argument is too naive and one cannot extrapolate
smoothly to the Wilson loop in flat space time. It is thus clear that the
explicit evaluation of the various determinants in the AdS5 × S5 case is still
an open and challenging question.
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